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Introduction

* In this topic, we will
— Deduce Euler’s formula
— Make some observations on Euler’s formula
— See a geometric interpretation
— Determine the result when e is raised to a complex power
— Verify this is likely correct
— Make some observations
* Deduce formulas for cos(z) and sin(z)
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Review

* Recall that |z|£0 =|z|cos(8)+|z|sin(8) j

— Thus, 1£0 = cos(8)+sin(8)
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Taylor series

In calculus, you either have seen or will see that the exponential
and trigonometric functions can be written as Taylor series:

. ¥ ox X x x* X . x*
e =l X+t Tttt e =Y
20 31 41 51 6l 7! k|
xZ x4 x6 00 i x2k
cos() =1 gt &Y (2K)!
Xy o 2k
sin{x) =~ 3T s _kz_(;(_ ) (2k+1)!
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Taylor series

Substitute x with j&:

e’ =1+ jO+
2! 3! 4! 51 6! 7!
N A AR - L L -

=1+ j6+ 7!+J e + = E” Eral

Recall that, however, > =-1, > =—j, j*=1, > =/, and so on
0> & 0 6 0 0
LN . :

e’ =
3. 4! 5! 6! 7!
Break this into real an 'Nﬁsﬁnents\
. o 6 o ]
oo |+ @ — + — oo ]
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Euler’s formula

Let’s look at:

o> 0 0° 0 & 0
:(1— +—— +-~-j+(¢9— + —— +---}j

21 4! 6! 3t 5t 7!

2 4 6 3 5 7
cos(x):l—x + 2 P . +--- =sin(x)

21 41 6! 3t st 71

Is it not fair to say e’’ =cos(6)+sin(8)?
— Thus, can we not write

2| £60/=|z|cos(0) +|z|sin(0) j =|z|e”
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Observation

Theorem: ‘ej‘g‘ =1

Proof: As e’ =cos(6)+sin(8)/, it follows that

‘eﬁ‘ = ‘cos(@) + sin(@)j‘

= \/cos(9)2 + sin(¢9)2

=J1=1 @D
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Geometric interpretation

* Plotting cos(#) has you plot the value of cos(8) for all values on
the abscissa

— Inthiscase, 47< 0 <4r

— You can read off the value, for example, cos(1)

(0¢)
A
294>



.._.;

Exponentlal and trlgon@fﬁetnc flInCthIlS /

V. Rl ek < AR N?
‘Jn,

'

U

s
Geometric interpretation

* Now, in plotting in three
dimensions, we must
project onto a plane

— We use the right-hand
rule to determine the
axes
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Geometric interpretation

To plot a point in three
dimensions, you need a
hint as to where that
point is relative to the
axes

(1,2.4-1.7)
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Geometric interpretation

This same point could
represent many different
values!

— This is the result of us
projecting 3-space onto
a plane
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Geometric interpretation

When plotting a complex-
valued function f of a real
variable, the three axes
will represent:

— The independent
variable 6

— The real
component of 1 (0)

— The imaginary
component of 1 (0)
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Geometric interpretation

Suppose we want to plot
a function f on
A4r< 60 <4r

— We will try this first

for cos(€) and then
el
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Geometric interpretation

First, we note that
a function cos(-47)=1

— We emphasize this with
an arrow




i

.._.;

B

Exponentlal and trlgon@fﬁetnc flInCthIlS /4"

)

n...

Geometric interpretation

 Next, we note that
cos(-3.57)=0
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Geometric interpretation

Next, we note that
cos(-37)=-1
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Geometric interpretation

Continuing this, we can
plot the cosine function
for all values in question
— The 1maginary part
1s always zero
— All points lie in the
xy-plane
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Geometric interpretation

Next, lets plot e?

— This is a complex-valued
function of a real
variable

— We note e 47 =1
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Geometric interpretation

Next, e3>% =
— We use color to
highlight the value of
the imaginary
component:
* Green is close to zero
* Magenta is the most
positive
* Purple is the most
negative
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Geometric interpretation
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Geometric interpretation

Next, e 2% = —j
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Geometric interpretation

Next, e 27 = 1|
— Repeating this, we note
o 871.57;]' :j
¢ e =-1]
o efO.Sy‘z]' — _j

e e 07 =1
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Geometric interpretation

* Plotting ¢% for more
values of g reveals a
corkscrew motion

— Recall that
lime* =
X—>00
lime' =0

X—>—00
)
— Here, we see that e’

corkscrews through the
complex plane for all &
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Complex exponential

Question?
— Ifz=a+ fj, whatis ¢??

 Solution:

— From secondary school, you know that

e“y =e*e’

— Thus, e*™?/ =e%e"’

“(cos +sin(,8)j)
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Complex exponential

As an example, let us try this out:

— Forz=0.09 — 0.3/, calculate and approximate ¢* using the
formula and the Taylor series:

00903 _ 009(005( O.3)+sin(—0.3)j)

~ 1.0941742837052(0.9553364891256 — O.2955202066613j)
~1.0453046186865—0.3233506104441
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Complex exponential

* As an example, let us try this out:
— Using the 5"-order Taylor series approximation, we get that

(0.09-0.35)" (0.09-0.3;) (0.09-0.3,)" (0.09-0.3,)

" 5 14(0.09-0.3 ) + ' i .\
2! 3! 4! 5!
1.00-03/420819-054) —0.023571; 0.01971) 0.003791614+' 0.0088452

. 0:0000249567075 —0.2845125
5!
=1.09 0.3 +(—0.04095-0.027 ) +(~0.0039285 +0.003285 /)

+ (0.00015798375 + 0.00036855j) + (0.0000249567075 +0.000002845 125j)

e ~1.0453044404575—0.323349295125j
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Complex exponential

* Let us compare our two results:

— Formula:

e’ ~1.0453046186865 —0.3233506104441
— Taylor series approximation

e’ ~1.0453044404575-0.3233492951250 j
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Observation

*

Theorem: (ez ) — e

Proof: If z=a+ S, then
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Observation

*

Theorem: (eé’f ) _ ot

Proof: A consequence of the previous theorem.

3
A
294>



ok 9 DR a3 SR T AR AR RSO0 LT Sk
"% 4\» )?'-’; A Rk V T “Ex’pﬁnenﬁal%‘dﬁ%
: ; ; l L, ’

Euler’s identity

Theorem: e¢™ +1=0

Proof: ™/ +1:(cos(7z)+sin(7z)j)+1
=(-1+0-/)+1

=—14+1=0 ¢&D
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Trigonometric functions

What are cos(z) and sin(z)?
— We know for a real 6, e” =cos(8)+sin(8)

— Posit that e? =cos(z)+sin(z),/ continues to be true if zis a
complex number
— Thus, e =cos(z)+sin(z)
-z _

e ? =cos(z)—sin(z);
e? +e 7 =2cos(z)

— Thus, cos(z)= Z J;e_zj
— Similarly, sin(z) = ¢ ;je_zj
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Summary

In this topic, we described how to calculate the exponential
function when the argument is complex

— We deduce Euler’s formula e = Cos(6’) + sin(&’)j
« We saw that |z|46’ = |z|e€j

— We determined formula for e*

— We saw how to plot a complex-valued function of a real variable
 ¢% produces a spiral in the complex plane

— We checked the formulas are likely correct

— Made some observations, including Euler’s identity

S
A
294>



ST UL R e AR N\ R G e T A
ST A, g Ex'pﬂnent"lalvand%go@ﬁmﬁﬁt'fnqctio:ng‘/yhk;.,
*"-..J.‘ rhesathl

-
5
L=
¥

5
0

References

[1] https://en.wikipedia.org/wiki/Euler%27s_formula
[2] https://en.wikipedia.org/wiki/Euler%?27s_identity

&
A
294>



G DR e a1 U T AR AR SEE 0\ TR SR S e TG
T T T e Exponential and trigonoffieti Q@UQHE/'“

/
%

)
k>

Acknowledgments

Discussions with and courses from Prof. John A.R. Holbrook.

N
A
294>



P

3 Ekpynentlalt%}igﬂg
Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more information.
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Disclaimer

These slides are provided for the NE 112 Linear algebra for
nanotechnology engineering course taught at the University of
Waterloo. The material in it reflects the authors’ best judgment in
light of the information available to them at the time of preparation.
Any reliance on these course slides by any party for any other
purpose are the responsibility of such parties. The authors accept
no responsibility for damages, if any, suffered by any party as a
result of decisions made or actions based on these course slides for
any other purpose than that for which it was intended.
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